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A general representation of the resolvent in terms of a reduced distribution func-
tion of a viscoelastic spectrum of the initial kernel is obtained, The method is
illustrated using the widely known operators of viscoelasticity, Resolvents are
constructed for the generalized fractional exponential kernel and the logarithm-
ic kemels,

Viscoelastic behavior of the real bodies (polymers in particular) can also be described
[1 - 3] by other equations containing the Volterra operator

Py ={Pe—n(ar ©.1)
0

where P (t) is the operator kernel, IfJ — xP*—> < % < oois a complete operator of
viscoelasticity, then the operator
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(I —%=P" =1 4 x0T, 0.2)

is the inverse operator and R2«* is the resolvent operator for /’*, and the kemel Rx (1) is
the resolvent for P (). General problems concerned with the invertibility of (0, 2) are
well worked out and the only question arising is that of the actual construction of the
inverse operator,

The feasibility of explicit construction of a resolvent from the given kernel is of ess-
ential importance in the theory of viscoelasticity [3] and until recently [4-5] this was
borne in mind when constructing the algebra of the Volterra operators (in connection
with solutions of the boundary value problems), Although this was later [6-7] shown not
to be necessary, nevertheless the problem of constructing a resolvent continues to be of
interest,

Two classical methods of constructing the resolvent for the operator (0,1) exist, The
symbolic method of Volterra, and the method of operational calculus, The first method
is based on formal expansion of (0, 2) into a series in the powers of the parameter x. We

then have
o

Ry= X w'pet ©.3)

n=—3

The above expansion is called the Neumann series for the operatorR *.Here the operat-
or P*raised to the n-th power denotes a new operator whose kernel has been iterated
(n — 1) times [8]
¢ t
P = %Pn([_-r)(...)df‘ P (t—1) = SPn_l(t—s) P(s—1)ds (0.4)
0 b

Two kinds of difficulties arise in practice, Solution of the iterated integrals, and
construction of the general term of (0, 3), With few exceptions these difficulties cann-
ot be overcome, The method of operational calculus is based on integral transformation
of the operators P* and R *.3ince in the present case {e latter are convolution operators
[9]. we can denote their functional Laplace transforms by P°(p)and R _°%(p) and transform

the operator identity (0, 2) into the functional identity

(L —xP (P [L + %R, ()] =1 (0.5)
from which we obtain -
. P (p) I
B (P)= T—po(p) = D) #"PT(p) (0.6)
n=1

The problem of constructing the resolvent is now reduced to that of inverting (0, 6),
However, even the well developed methods [9] often fail to cope with the problem of
inversion, Moreover, cases exist when not only the problem of inversion, but also the
problem of constructing the functional transform P°(p)of the operator in its explicit form
is met with the difficulties mentioned above,

1, The distribution functions method, The class of the viscoelastic operators is cha-
racterized by the fact that each operator can be put in one-to-one correspondence with
a nonnegative spectrum (continuous or discrete) possessing a positive distribution function,
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Depending on the meaning assigned to the operator, the parts of these spectra can be
played by the relaxation spectrum, the delay spectrum [1 - 3] and others, Assuming
e.g. thatx > 0in (0,2) we find that P* now becomes the relaxation operator and R *,
is the delay (creep) operator, The corresponding complete operators acting on the unit
function will now become the relaxation function @ (¢) and the creep function ¥, (¢).The
latter functions can also be written in terms of the viscoelastic spectra [1 - 3]

e =(Hmearn,  y,0={Qmu—e"ar (1.1)
0 0
Here /T (y) and @, (¥) are the distribution functions of the relaxation time spectra and
the creep time spectra, Since these functions cannot be determined experimentally,
they are chiefly used to aid the theoretical interpretations of the properties of viscoelas-
ticity [10 - 12], All the same, they may be utilized in the problem of constructing
the resolvents,
By definition, the relaxation and creep functions are
1 de , 1 db,

PO===qr:  RO=q -2
Using the representation (1,1) we can obtain from (1, 2) the following spectral represen-
tations for the kemel and the resolvents

° 1
Py = —L— S I (A) e~ MdA, R(y==-\0 M eMda 1.3y
0

o2

The reduced distribution functions given here
AA)=ATH @A), g M=ATQA™), A=1" (1.4)

are constructed from the original ones by applying the inversion transformation,

We note that (1, 3) represents the particular case of the Bochner representation for the
positive-definite functions {13], The idea behind the distribution function method is
that the problem of constructing the resolvent R (t)from the given kemel P (t)can be re-
duced with the help of (1, 3) to the problem of constructing the reduced distribution fun-
ction ¢, (A).

Let us consider the functional wansforms P°(p)and R, ° (p) of the operators P*and R *
Using (1, 3) we can easily show that

oo
A h () . 1 7, (A)
P(p):TSp_HdA ,Rx(p)=—;-$ dh (1.5)
10
By virtue of the integrability of 4 (\)andg (A)the functions P°(p)and R.° (p) are well-def-
ined and continuous over the whole plane of the complex variablep = a -+ ip,except at
the points p = — @, a > 0 lying on the negative part of the real axis, Let us find the
limit value of the functions at these points, For simplicity we shall consider the case
when the point is approached along the direction parallel to the imaginary axis, e. g,
lim P°(p)=lim P° (& 4 iB) (1.6)
p——a p—0
The upper sign corresponds to the case when the real axis is approached from the upper
semiplane, and the lower sign to the approach from the lower semiplane, We further
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find )
A —_
xP"(——a:‘:iﬁ):S“’a—mﬁ-‘jﬁTh{?&)d?»:FiS—(x:.-%—:rBTﬁ(M(ik (1.7
) a

We know that 8
110 ERR———— 2 T (R R i i.8
ey e ey = 78 ( )» 8(2) is the delta function, (1.8}
Therefore, as B — Owe obtain from (1.7)

h (M)
A—a

o0
”P:t (—a) = S d\ TF inh (0) 1.9
o
Here P°(— &) and P.° (—a) denote the respective limits from the upper and the lower
semiplane, From (1.9) it follows that the function P (p)undergoes a jump

AP (—a) = P (—a)— P__(—0) = —Rnixth (%) (1.10)

during the passage across the negative part of the real axis,

The magnitude of this jump is determined (with the accuracy of up to the multiplier
term) by the distribution function k (u).This makes possible the use of the elementary
methods to obtain h (a) from the given kernel #* (t)

k(@) = — e APy (— ) (1.11)
The relation (1,11) can be simplified, Assuming
P (—«)=Re Py (—a)+ilm P (—a) (1.12)
we obtain from (1, 9)
Re P (—a)=Re|P_ (—a) ImP}(—a)=—~ImP_(~a) (1.13)
Then
AP (— ) =+2i Im P;: (— ) (1.14)
and
h(@)=F = Im P} (~q) (1.15)

The order of the upper and lower signs must be observed here, In exactly the same ma-
nner we find, that
. A ‘ % .
W, (— ) = S T D TFing, (@) 0, (@) = —— Im R} (=)  (1.46)
0

The improper integrals in (1, 9) and (1,186) are used here in the sense of their principal
values,

The kernel P (t)and the resolvent R, (t)are connected by a functional identity [8]
which follows from the operator identity (0,2), This implies that the reduced distribu-~
tion functions h (v)and ¢, (a)should also be connected by some definite relation, This
relation can be obtained most simply from (0, 5) after completing the limiting passage
to the negative part of the real axis, Using the limiting values PY (—a)and R}, (—0)
we obtain

J1J3+J1—Jz+ﬂthx mo, —J;qx—lel+qx—h =0 (1.17)
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Here J, and J, denote the improper integrals in (1, 9) and (1,16) respectively, These
equations make it possible to express one distribution function in the terms of another
distribution function, For example, assume that ¢, and J, are unknown, Then they can
be determined from the system

A—=T)Jatnthg, =Ji, —his+@—T)g,=h (1.18).

from which we have -
g, (@)= h(a){[i — S :(_")a -al).]2 + nHhd (a)}- (1.19)

)]

Writing (1,17) from A and J,,we similarly obtain

p=re@fft+ 22 o+, @] (1.20)
0

Relations (1,19) and (1,20) make it possible to use a known distribution function to ob-
tain another distribution function, and they correspond exactly to the classical relations
used for recalculating the relaxation and delay spectra [1, 10],

We now have everything necessary for constructing a scheme of obtaining the resolv-
ent, We use the given kemel P (t)to obtain the reduced distribution function 4 (a). Dep-
ending on the conditions used in defining P (t),we can either use the relations (1,15), or
(1.1) - (1,3), When (1,15) is used, the imaginary part of P° (p)is computed on the neg-
ative part of the real axis, The choice of sign is governed by the choice of the argument

(t or — m)andP° (p)is understood to be the analytic continuation of the ordinary Laplace
transform of the kernel P (t) over the whole complex p -plane, The distribution function
g, (a)is found from (1.19), Finally, (1, 3) is used to obtain an expression for the resol-
vent 22, (1)

All these operations are relatively simple and, what is more important, they are giv-
en in the explicit form, This simplifies both the analytic construction of the resolvent
and its numerical analysis,

2, Applicaton of the method, We shall illustrate the above method by applying it
to the widely known viscoelastic operators, At the same time we shall construct certain
resolvents, which have not up to now been obtained, We begin with the simplest case,

1., Exponential operator, Let

!
1N(...)=3-(...)=Se‘l‘("")(...)dr or P{t)=eH, u>0 2.1)

[}
We find. that . \
© (9} e e _— 2.2
FW=pxyr  moEEp=? @2

The latter means that the operator spectrum is discrete, From (1, 3) follows
e P — —i— S h(A) e Mdp, (M) = %8 (A — 1) (2.4)
]

Here A = pis a point of the spectrum, Further,
#b (@ — )

= — (- 2.5
7x (®) = [T— #/p — aJF + AIK0° (@ — ) =% [a — (b — )] (2.9)
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since (2, 5), similarly to (1. 8), can be represented by the following limit [1]:

- 1 e 6 (6 —a,)
Iy (@) = 1_1_?3 n Mi(@) et M (@) ' M(2,) =0 (2.6)
M(a) =1— l—"_‘)i—&—' [M’(a.)l:—:‘—, Qg ==t —% (2.7

The resolvent has the form

o0
R () — j S(A— (p— %)) eMdh = B! (2.8)
0
It can easily be shown that the same result is obtained by direct inversion of the ope-
rator 3* (- «-)..
2., Generalized fractional exponential operator, Consider an oper-
ator of the form

t
P*(--)=E*(--") =f.—t;)S(¢—r)He°M‘-') («-)dv (0<v<) (2.9)
0

We find 0 a<
1 . ' )
E(p) = ———, ImE, (—a) = {_ sin niv (2.10)
(P +w @— a>p
which, together with (1,15), yield
@) =0 @<p, A= |n—s%-"lﬁ; @>p) (2.11)

i, e, additional multiplication of the Abel kernel by an exponential term corresponds
to a direct displacement of the spectrum, We obtain g« (a) with the help of the follo-
wing known integral [14]

[~]

z naesc (1 —v)m 0)
S :+a dx.-_-{ . ( ) (a> (212)
Then rA ctg(l—v)n (a <0
() xsinny (A— p)“" xsinav YVdy _ mcosmv
= A = = A3
A—o = S n 0T+L’~“'“ (0 —p)’ (@-13)
Inserting (2,11) and (2,13) into (1,16) we obtain
0, (a<m
7, (@) = \ (2.14)
ax (2 — )" sin v [(@ — B)¥ — 2% (@ — )’ cos v + x2]7Y, (@ > )
The following expression for the resolvent follows from (1, 3)
sinmv (A—p)'e™
R (t) = S dh 2.15
x n J (A — )% — 2% (A — p)’cos v + 2 (2.19)

Neumann type expansion is obtained when the integrand expression is written in the
powers of %.Denoting ) — p = pwe find

1 P1 © P2 )
9. (P) = 547 ( = T o —m (2.16)



Representation of the resolvents of operators of viscoelasticity 707

Here p; = e'™ and py = %e~'™" are the roots of the denominator, Taking this into acc-

ount in (2,16), we obtain
1 e pv n
%)=~ D, | 5| sinnav, p< |V

n=

-

0

i ® \n |
7, () =— D) (p—v) sinnny, p>|x[V 217
n=1
and the integral
[ 7. () e dp -_—~_:t_ St %™ 1T (1 —.nv) sin ney (2.18)
0 n=1

Hence from (2.15) we obtain
Rty = e*3,(m 1) (2.19)

where 3, is a fractional-power exponential function [4, 5],
3. Bronskii-Slonimskii operator, The operator

1
Pe(...) = Ol ‘ (t—7)le? (t—x)Y (++:)dt, >0 (2.20)
]
represents a further generalization of the exponential operator, The power term appea-
ring in the exponential index seriously complicates the computations, and no unique
analytic expression for the functional transform P? (p) exists on the whole of the p-plane,

Indeed, writing the exponential function in the form of a series we find

I B e N A 2.2
P @y 3 = L (L) 2.21)

and the series converges for [p| >pV", i, e, outside the circle of radius u!/Y: The analytic
continuation of P° (p) into the interior of the circle is constructed proceeding from the
following integral representation (by definition)

1 -1 —pY -
P (p) =mj 1Y Pt gy 2.22)
0
Expanding (2, 22) into a series in the powers of p about the origin, we find
o 1 < (-1H" v +n) r \®
P° (p) = r(, ( 2.23
)= T n§o T(ynl T L &2

with the region of convergence |p] < p‘f *. Thus the relations (2, 21) and (2, 22) give the
analytic expression for P* (p) at all points of the p- plane except for those on the interv-
al(—oo,—p"*]lying on the negative part of the real axis, From this in turn we find

Im P,° (—a) =0, 0 a< py
Cea)m— L S TOT 4 Ysin(ar v ()R, o> pd
Im P =—_1
m P,* (—a) ~ > o (;;) (2.24)
n=0
Now according to (1,15) we have
ha) =0, 0<Capl”
=% S —qyr T(0,)8in B, /p\™ Y - :
h (@) m'Z( 1) —I‘(ml_(;;) a>pYY, B=1n4v - (2.25)

n=0
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Further
_«o h () % I (0p) sin O,
J = dl=-—-—- n...__._.._._____ g
(@) S}‘_a - D= F"(v) 2 T (2.26)
0 n==0

oG -8 oo 1’ n
In= S X " an S ﬁ_&.ﬁ_ﬂ.dx @27

alfv Jz=(@=p")

We make use of the following standard integral [14]

(:-;-a)l" (R .
Ppraad E—Na atc B(s—zi)F( -

a
2.2
o ) oo
a>0, ¢c> 0. Re s> 0
where B is the beta function and F a hypergeometric function, Then from (2,27) we
obtain

Tp=a"n [notgOpn— @ /p " 04, e >t (2.29)
An=B(0p,—11)F (1128, 2—0, z), z=a ¥ (2.30)
Inserting (2, 29) and (2, 30) into (2. 26) we find, after some manipulations,
o
T () = xa~" " T {8,,) cos B, Yn__i_ n 9
“ n.z.}o [( ) T'(v)nl : nz Cnz (2.31)

The coefficients Cy, are obtained by expanding the second term of (2,29) into a power
series in z .This is done with the help of a representation for a hypergeometric function
[14], As the result we have
- 3 g T (0)sinByn
A””"gm' gﬂ‘ t .I‘(v)k!(e-—u—i)
On the basis of relations (2,25), (2.29) and (1.19) we obtain the following represent-
ation for the resolvent.

(2.32)

I (8) 8in Bt _ T (8,) cos B,
R ()= g{Z( 4)r .2 Wn) 810 Un Tl T }{ v,,z( Hn r,:(:;)e N
1 Uy
"":T an""l] +x= 22 {2( ) ”9;)(:;‘:‘?"“ zﬂv}’} "R 4 (233)

The Neumann series for Rx(t ) follows from (2, 33) by expanding the latter into a para-
metric power series in . This boils down to expanding into a series a reciprocal of a
quadratic trinomial, As this is quite tedious, we shall not go into it, We only note
that by settingy = 1 in (2, 31) we obtain, as we would expect, the resolvent (2,189),
Indeed, in this case we firstly have

ron O VD vk k—1) g 2.34
Co=sinva | (VFE—n—Hr o
and secondly

oo ] )
gl Vsin(n4 v /B T viv41}..
E;( ) OLT (—a) sin v E;

ni

(VA —1) (_g_)“___

n=0 n=0
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— _sinvzn
{—u/a
i(__nnl‘(n.-h.v%cos(n 4= (&)"= cos VK (2.35)
(v) nl a f—p/a

n=0

Inserting this into (2, 33) we obtain (2,15) and after this, (2,19), Here we find that
(2, 34) represents a very nontrivial statement, To prove its validity we must use the
following intermediate equation

1 _ 1 vivd1)  vivE D (VD) . 2.36
k——'v——l'c'+k(lc+1)+k(k+1)(k+2)+' (2.56)

which can be extracted from the integral representation for a hypergeometric function
[141.

The asymptotic properties of the approximate expressions for the resolvent etc, obi-
ained earlier [15 ~ 17] are not considered here, nor is their accuracy analysed,

4, Boltzmann operator, Boltzmann, as well as a number of other investigat-
ors [3], have already noted that the deformation caused by a constant stress varies with
time in a logarithmic manner, Recent precision measurements performed on a number
of polymers [18,19] confirm this point of view, particularly for the experiments of short
duration, However the use of the logarithmic law in the computations was always hamp-
ered primarily by the lack of a suitably developed mathematical apparatus, and partic-
ularly by the lack of a resolvent, Attempts to obtain the latter by traditional methods
have always failed just as in the case of the Bronskii-Slonimskii kemel [17],

Let us first obtain the properties of the spectrum of the logarithmic deformation law,
Assuming in (1, 3)

7\ =go=const, O<<A< oo (2.37)
we find R(t)=qo/ %, Y(t)=¢golnt4-C (2.38)
i.e, a formal correspondence exists between the Boltzmann operator and a constant re-
duced delay spectrum, But it follows from (2, 38) that neither the operator itself nor the
logarithmic law, have any physical meaning when the whole time interval [0, ~)is taken
into account, because of the singularity near the origin, This is also reflected in the
fact that no relaxation spectrum exists for the chosen delay spectrum, This can easily
be seen to follow from (1,20), as the improper integral appearing there diverges, There
are two ways of overcoming this deficiency, The first one is based on altering the form
of the Boltzmann operator, Let us assume [3]

Rr=2 H%o ' tn>0 (2.39)

From (1, 3) it follows that (2, 38) is equivalent to the expression for the constant spect-
rum multiplied by a decaying exponential function

g (M) = goe™ (2.40)
Now

S M) gn — — g (@) Ei (ato) (2.41)
A—a
0
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whereF.i (r)is an integral exponential function [14]), The representation for the resolv-
ent is obtained from (1, 3), (1, 20), (2, 39) and (2, 40)

Pty=q0 | ({L-Fane " i (o)} o atqote Ne)te™ () g, (2.42,
O'D
From this it follows that the time enters the expression for P (f) just as it did in (2, 38),
except that here it appears in the form of the sum ¢ + t,. The Neumann series for P (¢)
is written in this case in the powers of the parameter go.
The second method is based on replacing the constant spectrum with a "block” spect-
rum [1,10], Let
T =g OSKASA); ¢ =0 A>3 (2.43)

We choose A, = 1/t¢. From (1. 3) we find
R (1) = gox ™ (L—e™ /1) (2.44)

When ¢, — (the kernel (2, 44) tends the Boltzmann kemel (2, 38), Omitting the interm-

ediate calculations we give the resolvent for (2,44)
1

P ()= qoto? i {[t — qoln (z71 — 1)} + n?qo?} 2 exp —*dr (2.45)

to

0
As before, the analysis of the resolvents (2, 41) and (2, 45) obtained is left aside,
Thus the proposed method of representing the resolvents opens new possibilities for a
more flexible analytic description of the viscoelastic phenomena at both stages, this of
studying the properties themselves and that of solving the boundary value problems,
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1, Let us use the method given in [1] to solve the first boundary value problem for
the three-dimensional Fourier equation in Cartesian coordinates
n

o _ au .
._.151_9‘_7+'/(Il""' 2 f) (n=1, 2,3 (1.1).

defined on the domain bounded by coordinate planes moving in accordance with some
rules R (t)and R (t)so that

e € (R (), 1Y 1))

where i denote the coordinate axis number, Assume that the functions R® and ()
possess continuous first and second order derivatives, We then obtain

n

v 1ol 1 ais 2 1 o ap (0 S ar f
?____1 e [inz + % M0y 4 2000wy J — + p (1.2)

Ty— ll;i(n)
i

= W,y y'm t) v M e v Yns &), Yi= M = Hi(” - Him)) (13)



